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THIN DOMAINS WITH EXTREMELY HIGH OSCILLATORY BOUNDARIES

JOSE M. ARRIETA*T AND MARCONE C. PEREIRA¥

ABSTRACT. In this paper we analyze the behavior of solutions of the Neumann problem posed in a thin
domain of the type R® = {(z1,22) € R? | 1 € (0,1), —eb(z1) < 22 < €G(z1,21/€*)} with o > 1 and
€ > 0, defined by smooth functions b(z) and G(z,y), where the function G is supposed to be l(x)-periodic
in the second variable y. The condition v > 1 implies that the upper boundary of this thin domain presents
a very high oscillatory behavior. Indeed, we have that the order of its oscillations is larger than the order
of the amplitude and height of R¢ given by the small parameter e. We also consider more general and
complicated geometries for thin domains which are not given as the graph of certain smooth functions, but
rather more comb-like domains.

1. INTRODUCTION

In this paper, we analyze the behavior of the solutions of the Laplace equation with homogeneous Neumann

boundary conditions

—Aw*+w*=h" in R°
€

g}‘fk =0 on dR" (L)
where N€ is the unit outward normal to OR® and h¢ € L?(R¢). The domain R is a two dimensional thin
domain which presents a highly oscillatory behavior at the boundary. We will be able to consider two
different types of thin domains, which will be clearly defined in Section 2. To make the ideas clear we will
refer in this introduction to the first type: assume R is given as the region between two functions, that is,

R = {(z1,22) € R? | 21 € (0,1), —eb(z1) < 3 < €Ge(z1)} (1.2)

where b(-) and G(-) are functions satisfying 0 < by < b(:) < b1, 0 < G.(-) < G; for some fixed positive
constants by, by and G, independent of ¢ > 0. Here, the function b, independent of €, defines the lower
boundary of the thin domain, and the function G, dependent of ¢, the upper boundary of R¢. We will allow
G, to present oscillations whose amplitude is larger than the order of compression of the thin domain. This
is expressed by assuming that

Gc(z) = G(x,x /), (1.3)
for some positive constant o > 1. The function G : (0,1) x R — R is a positive smooth function, with
y — G(z,y) periodic in y for fixed z with period I(z).

Let us observe that our assumptions includes the case where the function G, presents a purely periodic
behavior, for instance, G¢(x) = 2 + sin(x/e%*). But it also considers the case where the function G, defines
a thin domain where the oscillations period, the amplitude and the profile vary with respect to = € (0, 1).
The Figure 1 and 2 below illustrate kinds of thin domains that we are considering here.

Since the domain R is thin, approaching the interval (0, 1), it is reasonable to expect that the family of
solutions will converge to a function of just one variable and that this function will satisfy certain elliptic
equation in one dimension with some boundary conditions.
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2 J. M. ARRIETA AND M.C.PEREIRA

F1GURE 1. A thin domain with variable period, amplitude and profile.

FIGURE 2. A comb-like thin domain.

It is known that if the domain does not present oscillations, that is G.(z) = G(z), with 0 < Gy < G(-) < Gy
and b(-) = 0 the 1-dimensional limiting problem is given by
1
G(x)

(G(a:) ww)x +w=h, in (0,1),
w(0) = wz(1) =0

(1.4)

see for instance [10, 12]. Also, if we consider b = 0, G.(z) = G(z,x/e*) for some 0 < o < 1, and if we
assume that G.(-) — m(-) w — L*(0,1) and ﬁ — k() w— L*(0,1) (observe that m(x)k(z) > 1 a.e.
and in general it is not true that m(z)k(xz) = 1), then the limit problem is

- m(z)

! <k(130)w$)I +w=h, in (0,1)
we(0) = w, (1) =0
see [2] for details. Note that this case contains the previous one since we can recover the problem (1.4)
assuming o = 0.
Recently, we consider in [4, 5] a class of oscillating thin domain that cover the case a = 1 with constant
period [. Observe that this situation is very resonant since the height of the domain, the amplitude of the

oscillations at the boundary and the period of the oscillations are of the same order €. The limit problem
for this case is

—%(r(m)ng)m +w=h(x), xe€(0,1) w5)

where
X (x)
r(z) = 1= ———=(y1,92) pdyr1dya,
0= {1 T ) yanay,

s(x) = [Y"(2)]
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and X () is a convenient auxiliary harmonic function defined in the representative basic cell Y*(x), which
depends on G(z,-), = € (0,1), and it is given by

Y*(x) ={(y1,y2) ER* |0 <y <, 0<ys <G(z,y)}

The restricted case where the function G.(z) = G(x/¢€) for some [-periodic smooth function G can be
addressed by somehow standard techniques in homogenization theory, as developed in [6, 8, 13]. We refer to
[3] for a complete analysis of this case for a semilinear parabolic problem.

In this work, we are interested in addressing the case @ > 1 in (1.3), where none of the techniques used
to solve the previous ones apply. In particular, we do not use any extension operator for the convergence
proof. Indeed, we will be able to show how the geometry of the boundary oscillations affect the limiting
equation, see Theorem 2.1, Theorem 2.5. See also Corollary 2.3 for a very interesting interpretation of the
limiting equation and to see how the geometry of the unit cell affect the limit equation in the case of periodic
oscillations.

In Section 2 we give precise definitions of the two types of thin domains we are considering. One of them is
the one described in this introduction. The other type is a “comb-like” thin domain, which can be visualize
in Figure 2. We also state clearly the two main results we prove, Theorem 2.1 and Theorem 2.5.

The short Section 3 states a technical result which will be used later in the proof.

In Section 4 we analyze the type of thin domains which are given as a region between two graphs as in
(1.2).

In Section 5 we analyze the other type of thin domains, that we have denoted as a “comb-like” thin
domain.

We also would like to observe that although we will treat the Neumann boundary condition problem, we
may also impose different conditions in the lateral boundaries of the thin domain R€, while preserving the
Neumann type boundary condition in the upper and lower boundary. Indeed, we may consider conditions
of the Dirichlet type, w® = 0, or even Robin, %LNE + Bw*® = 0 in the lateral boundaries of the problem (1.1).
The limit problem will preserve this boundary condition.

2. BASIC FACTS, NOTATION AND MAIN RESULTS

We will consider two different types of thin domains. One of them will be given as the region between the
graphs of two functions and the other will consists of an autoreplicating structure with appropriate scaling
rates which resembles a comb structure. We present now the main definitions, basic facts and results on
both cases.

Type I. Thin domain as the region between two graphs. Let us consider a one parameter family of
functions G : (0,1) — [0,00), € € (0, ¢€p) for some ¢y > 0, and a function b : (0,1) — (0, 00). We will assume
the following hypotheses on functions b and G:
(H1) There exist two positive constants by, by such that 0 < by < b(z) < by for all x € (0,1) and the
function b is piecewise C!. .
(H2) The functions G(-) are of the type Ge(z) = G(z,z/€e*), with a > 1, where the function

G:[0,1]] xR —[0,400)

(z,y) — G(z,y)

is continuous in z, uniform in the second variable y, (that is, for each n > 0, there exists § > 0

such that |G(z,y) — G(2',y)| < n for all z, 2’ € [0,1], |[x — 2’| < ¢, and y € R). Moreover, we

suppose G(z,y) > 0 is periodic in y, with a period [(x) that may depend on the first variable, that

is, G(z,y+1(z)) = G(x,y). We also assume that [(-) is a continuous function with 0 < L' < [(z) < L
for all z € [0, 1].

We consider the highly oscillating thin domain R€, which is given as the region between the graphs of the
two functions eb(-) and eG.(+), that is

R ={(z1,22) € R? | 21 € (0,1), —eb(x1) < 22 < eGe(x1)}

and we investigate the behavior of the solutions of (1.1) as € — 0.

(2.1)
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The Figure 3 below, gives us an exemple of function GG in a bounded open set.

Since a > 1, we have that the upper boundary of this thin domain presents a extremely high oscillatory
behavior. More precisely, the order of the oscillations is large than the order of the amplitude and height of
the thin domain R with respect to the small parameter €. Also, we get more general perturbations assuming
that the period I depends on variable z € (0,1).

F1GURE 3. Graph of function G in (0,1) x (0,3L).

To study the convergence of the solutions of (1.1), we consider the equivalent linear elliptic problem

2, € 2,€
—8—%—%8—%+u€:f€ in Q°
8.731 € 61‘2 (22)
ous . 1 0us . .
8—3611/1+6—28—9621/2=O on 0N
where f¢ € L?(Q°) satisfies
[/ N2y = C (2.3)

for some C' > 0 independent of ¢, and now, v¢ = (v{,v5) is the outward unit normal to 9Q¢, and Q¢ C R? is
a highly oscillating domain given by

Qf = {(x1,22) €R? | 21 € (0,1), —b(z1) < 29 < Ge(x1)}. (2.4)

Note that the equivalence between (1.1) and (2.2) is easily obtained by changing the scale of the thin domain
Re in the y-direction through the simple transformation (z,y) — (, ey), (see [2, 10] for more details). Thus,
we have a domain which is not thin anymore but presents very wild oscillatory behavior at the top boundary,
although the presence of a high diffusion coefficient in front of the derivative with respect the second variable
decreases the effect of the high oscillations.

We also mention the works [1, 7, 9] that analyse elliptic problems in domains related to Q¢ but the fact
that in our case we allow very high diffusion in the y-direction with distinct oscillations makes our analysis
and results different from these other papers.

Now we are in contidion to state our main result whose proof will be presented in section 4.2.

Theorem 2.1. Assume that f€ € L*(Q°) satisfies || f€||2(ae) < C and the function fe(z) = ff;(%) flz,y)dy
satisfies that f€ — f, w-L2?(0,1). Let u€ be the unique solution of (2.2) and G be the function given by
Go(z) = min G(z,y) > 0. (2.5)
yER

Then, if ug(x1) is the unique weak solution of the Neumann problem

[ {00+ 60) wa@) a0) 4 ) u) o)}t = [ @ pie, v H O (26)
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where p(x) is the function defined as follows:

1 I(z)

I(x)
o) =5 [ (M0 + 6w dy =)+ o5 [ Gy, for aita e 0.1,

we have
—0
[u€ — o 20y = 0.
Moreover, if we denote by Qo = {(z1,72) € R? | 21 € (0,1), —b(x1) < 22 < Go(x1)} C Q, then,
Ue — Uy W — Hl(QO)
Remark 2.2. The functions b and G defined in (H1) and (2.5) respectively, are associated to the part of
the domain Q¢ that does not oscillate as the parameter € goes to zero, and have an important role in the

limit problem (2.6). Indeed, if we assume that the period, the amplitude and the profile of the domain are
constant with respect to x € (0,1), we get the nice result announced below.

Corollary 2.3. If we have G(z,y) = G(y) an L-periodic function with minger G(y) = 0 and b(z) =b a
constant function, then, the homogenized limit is given by the equation with constant coefficients:
—du”" +u=f, (0,1
, , ©1) (2.7)
u'(0)=u'(1)=0
where the diffusion coefficient is given by
b Lb _ Area of the non oscillating part of the unit cell

b 1 foL G(y) dy C Ib+ foL G(y) dy Total area of the unit cell

Remark 2.4. In Corollary 2.3 the constant Lb represents the area of the unit cell which correspond to the
part which is non oscillating and Lb + fOL G(y) dy represents the total area of the unit cell.

Type II. Comb-like thin domain. We consider now another interesting type of thin domain. Consider
R =1Int (R URY)
where
RS = {(z1,22) | 0 <1 < 1,—eb(z1) < 22 < 0},
with b given as in the previous case (see hypothesis (H1)), and
Ry = U\ Ry,
where
Ry, = {(nLe” + ¢%xy, exz) | (21,22) € Qo}
where Qo C (0,L) x (0,G) is a fixed Lipschitz domain satisfying the following:
(HQ) if Tp = 0Qo N {x2 = 0} and if we consider e;(Qy) the first eigenvalue of the operator —A in Qo with
homogeneous Dirichlet boundary condition in I'y and homogeneous Neumann boundary condition
in 0Qo \ Ty, then e1(Qp) > 0.
Observe that if Qg is connected and 'y # () then (HQ) is satisfied. But there are cases where Qq is
disconnected ant still (HQ) holds.
As we have done in the previous case, let us define Q¢ = {(z1, z2) | (z1,€x2) € R} so that,

Q° =Int (Q_UQY),
Q- ={(z1,22) |0 <21 <1,-b(21) < z2 <0},
Qj— = Uévélﬂiw
where
mr = 1(nLe® + €“w1,22) | (w1, 72) € Qo}-
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We also consider the equivalent linear elliptic problem
%uc 1 9%uc )
Ton? @oa VTS M
Ju‘ 1 Ou¢
851 Vi + :26—:1;2@ =0 on 90°

Under this conditions, we may get the following result.

(2.8)

Theorem 2.5. Let u¢ be the unique solution of (2.2). Assume that f¢ € L?*(2) satisfies Ifll L2y < C
and the function f€(x) = fss(r) fe(z,y) dy satisfies that f¢ — f, w-L2(0,1) where S<(z) = {y | (z,y) € Q°},
that is, the section of the domain Q¢ at the point x € (0,1).

Then, if ug(x1) is the unique weak solution of the Neumann problem

[ {4 0 ) + a0y o) o) Yo = [ pan, o€ B0,

where q(x) is the function given by

@) =B o) v 0,1),
we have
€ e—0
[[u® = uollr2(0e) — 0.
Moreover,

ue = ug w— HY(Q).

3. AN IMPORTANT ESTIMATE

In this section we show several basic estimates on the solutions of certain elliptics pde’s posed in rectangles
of the type
Qe={(z,9) eER?| —e“ <z <e, 0<y<1}
with o > 1. As a matter of fact, for ug(-) € H'(—e*,€%), we define the function u¢(z,y) as the unique
solution of

O%uc 1 8%us )
T o ?Tyg =0 inQ.,
U(JL‘, 0) = UO(JC)’ on Fea (31)
ou
5o =0, ondQ\T.

where v is the outward unit normal to 9Q. and
o= {(2,0) € R?*| —¢* <z < €}
We have the following,

Lemma 3.1. With the notation from above, if we denote by Uy the average of ug in I, that is
I
Ug uo(x) dz (3.2)

2e* J_ o

then there exists a constant C, independent of € and ug, such that

@

™

‘ 2
/ u (, ) — 0|2 dz < C exp {_eayl } [y (3.3)

—ex

1 e
|t = ol dady < el (3.4
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and
8u0 2

a—1
< Ce e

(3.5)

Hax L2Q) Hay

L2(Qe)

Proof. The proof of this result is based in the known fact that the solution of the problem above can be
found explicitely and admits a Fourier decomposition of the form

L2(—e,e)

“y)= 5 / )da: + i n)er )COSh(nZg;y)) (3.6)
u(@y) = 55 . uo(z)dx kZI(anwn on (@ Teosh(2E) :
where ¢ () = e"%/?cos(2ZZ), n =1,2,..., and (ug, ¢5) = (U0, 95 ) 12(—eo co)- O

Remark 3.2. Observe that in particular estimate (3.5) implies that
min H — H < Ot
uev 12(Q.) 2o

where V.= {u € H(Q.) |u = ug in T.}.
4. THIN DOMAINS AS A REGION BETWEEN GRAPHS.

duo |
or

L2(—e>,ev)

In this section we consider Type I thin domains and provide a proof of Theorem 2.1.
We will start analyzing in detail the structure of the domain Q¢ as a preparation for the proof of our
result.

4.1. The one parameter family G¢. In this subsection we obtain some properties and a convenient
approximation to the parameter family G, that we will use in the proof of the main result Theorem 2.1.
From (H2) we have that there exists a positive constant G; such that

0<Ge(xr) <Gy, Vze(0,1), Vee (0,¢). (4.1)
Moreover, for each z € [0, 1], we consider the function

Go(z) = gjnelﬂr{} G(z,y) > 0. (4.2)

We show that Gy(+) is a continuous function in [0, 1]. Indeed, we will prove that
|Go(x) — Go(a')| < sup|G(z,y) — G(z',y)| Vz,2" € [0,1]. (4.3)
yER

Consequently, the continuity of G follows from the uniform continuity of G in y and inequality (4.3).
Thus, let us prove (4.3). Given x and ' € [0, 1], there exist y(x) and y(z') € R such that Go(z) =
G(z,y(z)) and Go(2') = G(2',y(z')). On the one hand, we have

Go(z) = Go(2') = Go(x) = G(a,y(a")) + Gz, y(a')) — G(a',y(2") < G(a,y(a) — G’ y(a")).  (4.4)
In a completely symmetric fashion we also obtain
Go(a') — Go(z) < G(2',y(2)) — G(z,y(2)). (4.5)

Consequently, we obtain (4.3) from (4.4) and (4.5).
Now, let us denote by N, the largest integer such that N.Le® < 1, where L is given in hypothesis (H2).
Observe that N, ~ L=, Let
G = min G(m,£>, n=1,2...,N. (4.6)
’ z€[(n—1)Le>,nLe] €«

and v, € [(n — 1)Le*, nLe®] a point where the minimum (4.6) is attained, that is, G(yn,e, 2%) = Gn.e

where 7,  does not need to be uniquely defined. By extension, let us denote by vy, = 0 and yn_41,. = 1.
Note that the set

{7076?71767 "')7N€+176} (47)
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defines a partition for the unit interval [0,1]. Also, we have by definition that the segments
{('Yn,evxZ) | Gn,e <x9 < Gl} NQ = 0,

foralln=1,2,...,N,.
Consider also the step function

N Gl,e: T € [0771,5]
Gi(z) = ¢ max{Gn.e,Gnt1,e}, T € [YnerTnt1elsn=1,2...,N.—1 . (4.8)
GN5757 T € [’yNe,€7 1]

Lemma 4.1. We have

|Go — C~7'8||Loo(071) —0 ase—0.
Proof. Tt follows from (H2) and (4.3) that, for each n > 0, there exists ¢y > 0 such that
max {|G(z,y) — G(z',y)|,|Go(z) — Go(2")[} <n (4.9)
whenever |z — 2’| < 2¢§ L and y € R. Now, for all € [Yn.¢, Yn+1,e] We have
G§(x) — Go(r) = max {Gp.c, Gny1.c} — Go().

Without loss of generality, we may assume ég(x) = Gy, that is, G, e > Gpy1,e. Thus,

ég(x) —Go(r) = Gne— Go(x)
= G('Yn,sa ’Vn,e/ea) - GO(:E)
= G(’Yn,ea '-Yn,e/ea) - GO(’Yn,e) + GO(’Yn,e) - Go(l’) (410)

It follows from definition of Gg in (4.2), that

G('Vn,ea 7n,5/€a) - GO(’Yn,e) 2 0

Also, since G(z, -) is I(x)-periodic with |I(z)| < L, we have that there exist ¥(yn.e) € [0,1(Vn,)] and k(yn,c) €
N with y(Yn.e) + k(Vn.e) I(Yn,e) € [(n — 1) Le*, n L e®], such that

Go(1n,e) = G(nes Y (M) = G(hn,es Y(Vne) + k(Yn,e) Lvnse))- (4.11)
Consequently, we get from (4.6) and (4.11) that
GV, e/ €%) = Golme) = Glne,Yne/€”) — Gy + k1) e, (y + k1) e /e)

+G((y+ k) e, (y+kl) e /e”) = G(Yn,e, (y + k1) € /)
G((y+kl) e, (y+kl) e /™) = Gln,e, (y + k1) e /e*)  (4.12)

IN

since
G(Yne; Mne/€¥) = Gy + k1) e, (y + k1) e*/e*) < 0.
Therefore, due to (4.10), (4.12) and (4.9), we obtain

|Go(2) = Go(2)] < Gy +k1) e, (y+ kD) e/e*) = Gyne, (y + k1) €/e) + Go(n.e) — Golx) < 2n

whenever x € [yn,e, Ynt1,e)-
Then, since z € [0,1] is arbitrary and UN<, [v,.c, Ynt1.] = [0, 1], we conclude the proof. O

The following result will also be needed.

Lemma 4.2. We have the following

Ge() = — G(-, s)ds w* — L*(0,1). (4.13)
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Proof. We have to prove

1 1 I(z)
/0 {Gé(x)l()/o G(z,s) ds}ga(x)dxHO as € — 0 (4.14)

T

for all ¢ € L1(0,1).

Since the set of step function is dense in L'(0,1), and any step function is a linear combination of
characteristic functions, we only need to show (4.14) for characteristic functions. Then, for 0 <e < f <1
we consider the following characteristic function

1 xzelef)
W)‘{o v (e f) -

So, we have to estimate the integral
Yoo -1 [V e
Ie7=/ Ge(r) — — G(x,s)ds p dx
= i) Jo

as € > 0 goes to zero.
For this, let n > 0 be a small number and let {e = 29, x1,...,2, = f} be a partition for the interval (e, f),
and &; be a fixed point in the interval J; = [x;,_1,2;], i = 1,...,n, such that

sup sup |G(z,y) — G(Z:,y)| <.
1 x€J;,yeR

Observe that we can write
5
Loy = Z Ié, f
i=1
where

n=y /J (G2, 2)¢™) — G(as, /%)) da
. N 1 1(&:) N
./, {G(mi,x/e ) — l(ii)/o G(xz,s)ds}dx
5 n 1 W) 1 1(24)
ILy= Z/J {l(a%i) /0 G(&;,8)ds — G /0 G(z,s) ds} dz

1= [ s [ ewmnas i [ aesasla
e, f — S x,8)ds — 7~ x,s)ds x
f — ) 1(Z:) Jo U(&:) Jo

Ig’ = / —_— G(z,s)ds — — G(x,s)ds p dx.
i ; qu{l(lfi) 0 (#2) (z) Jo (#:9)

It is casy to estimate the integrals I} ;, I? ¢, I  and I7 ; to obtain
(Lol <n(f—e)
[Iefl <n(f—e)
11241 < Gl = Ulp=(0,1) (f —€)
5 2 7
1241 < Gr (L/L2) 107 = Ul (f =€)

(4.15)

where G1, L and L’ are the positive constants given by hypothesis (H2), and the function I" is the step
function defined for each n > 0 by

"x)=1Uz;) asax; ;.
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Since the inequalities (4.15) do not depend on € > 0, and ||I" — U o (0,1) — 0 as » — 0 uniformly in €, we
have that Ie o Ie s I ¢ and I6 ¢ 80 to zero as ) — 0 uniformly in € > 0.

Hence, to conclude the proof, we just evaluate the integral I 2 . But this is a straightforward application
of the Average Theorem since &; is a fixed point in J;, and G(xl, ) is a {(Z;)-periodic function. Indeed,

n

1 1(24)
If’f = Z/J {G(ﬁci,x/ea) ~ G /0 G(&4,8) ds} dx — 0ase— 0.
i=1 i
O
4.2. Proof of Theorem 2.1. Here, we give a proof of the main result, Theorem 2.1.
Proof. The variational formulation of (2.2) is: find u¢ € H'(Q¢) such that
Jut Oy 1 Ou® ¢ 1
— dxid “odridre, Yo € H'(Q°). 4.16
/ {3x16x1+628x28x +ug0} T10r2 = Q‘fcpml 2 L4 (&) ( )
Taking ¢ = u€ in expression (4.16) and using that || f¢||2(q<) < C, we easily obtain the a priori bounds
ou®
€ ), || =— — <C. 4.17
e ”L2 ) Oz 1lL2(0e) H Oxs llL2(Q ( )
In particular, we have
H— <eC —0ase—0.
Oxa llL2(0e) —

Let us observe that domain Q¢ consists of two main parts. One of them is a highly oscillating domain Q¢
and the other one is a non oscillating domain Q¢ . To define these domains, we use the partition for the unit
interval (0,1) given by (4.7) and the step function G§ defined in (4.8). So, we consider the following open
sets

={(z1,22) € R?*|z1 € (0,1), —b(z1) < 22 < G(z1)} (418)
= {(z1,72) € R?| 21 € (0,1), G§(z1) < 22 < Ge(z1)}.
Notice that
Q°=1Int (Q UQC).
Observe also that with the function Gy defined by (4.2) we may also consider the set
Qp = {(.’131,$2) € R? | xr1 € (0, 1), —b(xl) < x2 < GQ($1)}

which satisfies Qg C Q°.
We want to pass to the limit in the variational formulation (4.16) for certain appropriately chosen test
functions. In order to accomplish this, we rewrite it as follows

/ {aueai+ 1 duf &p}dxldx2+/ {aueai+ L duf aw}dxld@
Qe

Ox, 0x, = €2 0z9 0 Ox, 01 €2 Oz 0o

+/ uSodridry = | fepdridr,y, Vo € HY(QF). (4.19)
€ Qe
Now, we pass to the limit in the different functions that form the integrands of (4.19).

(a). Limit of u¢ in L2
It follows from (4.17) that u|o, € H' () and satisfies for all € > 0

8u
1wl 22 (020)

L2(Qo) H 81‘2

L2 (Qo



HIGHLY OSCILLATORY THIN DOMAINS 11
Then, we can extract a subsequence of {u¢|o,} C H'(Qp), denoted again by u¢, such that

ut —uy w— HY(Qo)
u® — ug

s — H?®(Qyp) for all s € [0,1) and

(4.20)
0 s L2
61'2 5 0

as € — 0 for some ug € H ().

A consequence of the limits (4.20) is that ug(z1, 22) does not depend on the variable 5. More precisely,
8u0
, =0 Q 4.21
61‘2 (.’El 1’2) a.e. 0- ( )
Also, due to (4.20), we have that the restriction of u® to the coordinate axis x1 converges to ug. That is
ulp —uy s— H?()
for all s € [0,1/2) where I' = {(x1,0) € R?|z; € (0,1)}. Consequently, we obtain

lu® — w2y — 0 as € — 0.

(4.22)
Now, we can see that (4.22) implies the L?-convergence of u¢ to ug, that is
lu — uol|L2(qe) — 0 as € — 0. (4.23)
In fact, it follows from (4.22) that
Ge(w)
u(ry, — Uo\T1)||1.2(0e = u .’El, — Up(T1 ToAX1
Ju 21,0) = o) e // [u(e1,0) — o) dad
<

G b ||7,L 7UOHL2(F)
— Oase—0
where C(G,b) is a generic constant that depends on the functions G and b. Also

2 Jus
u(x1, ) —u(x1,0) = r1,8)ds
(z1,22) (21,0) ; 8@( 1,8)
and with Holder inequality,
2| Qus 2
|u (21, m2) — u(21,0)[* < (/ 87(96175) dS) |z2].
0 T2

Hence, integrating in ¢ and using (4.17) to get

(@1, 22) — (21, 0) 2 gy = / / (o1, 2) — (1, ) s
b(z1)
<[
b($1) 0

2
81’2 (.T] ’ )
Therefore,

<eC(G,b) > 0ase— 0.

) o] daaday < C(G, D) Hau
8(172

L2(Q¢)

[u® —wollrzey < [Ju(@1, 22) — u(21,0)]|L2(0e) + [[u(21,0) — uo(1)|L2(0¢)
— 0Oase—0.

(b). Limit of f.

Since || f¢||L2(q<) < C independent of €, we have the function fe defined by

~ Ge(z1)
fe(fvl)/b( ) fe(@1, z2)dzs (4.24)
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belongs to L?(0,1) and satisfies ||fA€HL2(O,1) < C(G,b) for some constant C(G,b) independent of e. Hence,
via subsequences, we have the existence of a function f = f(x;) € L2(0,1) such that

ff=f  w-r*0,1). (4.25)
Remark 4.3. Observe that in the case where f(x1,22) = f(x1) then

f) = (G(@1,21/€*) + b(x1)) fz1) = plx1) f(z1)  w" = L7(0,1)
where the function p is given by
1 U(z)
1(z) Jo
which is the weak %-L>°(0,1) limit of G¢(x) obtained in (4.13). Consequently, we have that

f(z) =p(a) f(x) =€ (0,1).

p(x) = G(z,s)ds + b(x), (4.26)

(c). Test functions.

Here, we define suitable test functions that will allow us to pass the limit in the variational formulation
(4.19). For this, we use the definition of the open sets Q¢ and Q¢ given in (4.18).

For each ¢ € H'(0,1) and € > 0, we define the following test functions in H!(2¢)

. f Xo(x,w2), (r1,22) €QLNQ5, n=1,2,...
(21, m2) = { en) (21, 22) € Q° (4.27)

where Q¢ is the rectangle (see Figure 4)

Q; = {('TlaxQ) |'Yn,e <1 < Yn+l,e ég(ﬁﬁl) < T < Gl}
and the function X is the solution of the problem
0?Xc  19°X°©
— —_ — O 3 €
dz? € 023 ;e

X e (4.28)
aNe = 0, onJdQ\I',

Xﬁ(xl,xg) =¢(l‘1), on F;

where I'S, is the base of the rectangle, that is,

]‘—‘;L = {(5517@8(551)) : ’Yn,e S 1 S ’Yn+1,e}~

A

5171 n Q +1

I
: ! ! i
Vn-1le Vne Yntle Yn+2e

FIGURE 4. Rectangle Q,.
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It follows from estimate (3.5) that
o2xe|”
%

82X5 2

2
O0x3

1

? S Cea_l|‘¢IH%2(WME,7”+LC)' (429)

L2(Q5) L2(Qs)

Moreover, if we call Q¢ = UZN:]Q;, we get Q6 = Q°N Q¢ and we can define the function X¢ in Q¢ by
X(z1,22) = X5 (21, m2) as (z1,72) € Q5 N OQ°.

Hence, we have by (4.29) that X¢ € H'(Q¢) and satisfies the following inequality

HM” 1H82Xf2 <§§<H<‘?2X” 1o )
Ol 2@) 1025 Nlpaar) — S\ 071 ey @11 973 llraay) (4.30)
<O i < O I a0y -
i=1
Furthermore, we can show that
¢ — @l L2(e) — 0 as e — 0. (4.31)

We can argue as in (4.23). Indeed, since

Z2 a €
¢ (o1,2) = Boa) = ¢ (on22) — ¢ (@1, 0) = [ 5 (a1, 0) s,
0 L2

we have by (4.27) and (4.30) that

0p° 2
8$2

oxe|?

8332

<cG| < O(GD) 6oy — 05 0.

L2(Q<NQe)

n¢—¢$mﬂ<aam‘

L2(Qe)

(d). Passing to the limit in the weak formulation.
Now, we pass to the limit in the variational formulation of the problem using the test functions ¢ defined
above. For this, we analyze the different functions that form the integrands in (4.19).

e First integrand:

Ou® O 1 Ouf dp°
/Qe {8x1 dxq + €2 Oxq 0o }dxldxg —0ase—0. (4.32)

Indeed, it follows from (4.30) and « > 0 that
€ € 1 € € € XE 1 € X€
/ {8u 8<p+ ou® Oy }dxldxgz/ {8u8 n ouc 0 }dxldxg
QE Q(

8:51 89c1 :28@ ({971'2 3x1 81'1 67287.’32 8x2

/{ Ou* 2+i Ou’ 2}dmdm v / { OX* 2+i OX* 2}dacdx
Qs 0z €2 \ Oxq 12 o 01 €2 \ Ozg 1o

< C e V2w grigae) 6| 2200y — 0 as € — 0. (4.33)

1/2

IN

e Second integrand:

€ € € € 1
/ {(’)u dp + 1 9u” 9p }d.’]}ld,’l,'Q — / (Go(z1) + b(z1)) uy(z1) ¢ (21) doq as € — 0. (4.34)
: 0

31‘1 31‘1 672 6932 3932

To prove this, observe that using (4.27), we obtain

Op _ 99 _ ¢’ and
8:1:1

Qe - 8931
for all € > 0. Hence, we have that

ou o 1 Ju dp° ou®
/ { et Rl }dxldxzz T (21, 22) @' (21) drda
Qe

8£E1 8%1 62 89c2 8902 Qe 8(E1

dyp*
8$2

_ 9 _

=—=0
Q< Oxo
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ous , ous
- [ == dzydzy — — '(21) dard
o, 911 (w1, 22) ¢'(21) dorday /QO\Qe axl(ﬂ?hxz)(b (x1) dxidxs
ous ,
+ 7(1‘1,!,132)(]5 (xl)dxldxg. (435)
Q¢ \Qo O0z1
Due to (4.20), we can pass to the limit as e — 0 in the first integral of the right side of (4.35) to
obtain
8“5 / i /
a—(ml,xg) @' (x1) drrdas — ug(x1) @' (1) deides.
Qo 971 Qo

Also, we have that

1 Go(z1)
/ ug(x1) ¢’ (21) drrdey = / ug (1) @' (71) </ d:v2> dzq
QO 0 7b(£vl)

/0 (Gola1) + ba1)) (1) & (1) das. (4.36)

Now, we will get (4.34) if we prove that the remaining integrals of (4.35) tend to zero as € — 0.
We evaluate one of them, the other calculus is similar.
From (4.17), (4.18) and Remark 4.1, we have that

ou’
(9131

ou
/ 8731(3?17962) ¢ (x1) drrdey < ’
Q€ \Qo

16"l 20 \00)
£2(0¢)

1/2

< | [ s oot - Gotan)| o

~enl/2
< Ol 2o 1Go = Gol2 o)
— 0Oase— 0. (4.37)

Therefore, we obtain (4.34) from (4.36) and (4.37).
e Third integrand: if p(z) is defined in (4.26) then,
1
/ u® ¢ dridry — / p(x1) uo(x1) p(x1) dry as e — 0 (4.38)
Q° 0

To prove (4.38), observe that

€

/ u o drvidrey = / (u® — up) ¢ dridrsy —|—/ ug (¢ — @) dridas —|—/ ug ¢ dridzxs.
From (4.23) and (4.31), we have
/ (u® —ug) ¢“dridzs — 0 and / ug (¢ — @) dridzg — 0, as e — 0

Hence, since

/ o) () deydr = / up(z1) $(x1) (Gelx1) + b(a1)) day,

we get (4.38) from (4.13).
e Fourth integrand:

1
feetdridre — / f(x1) ¢(z1) dzy as € — 0. (4.39)
Q° 0



HIGHLY OSCILLATORY THIN DOMAINS 15
For this, let f € L2(0,1) be the function defined in (4.24). Since

[ driday = [ (¢ — @) drrdas + [ odrid,
QE QF Q€

1 Ge(z1) L
o fE ¢d$1d$2 = /O (/ fe(xl, .732) d.%‘g) ¢($1) d.%‘l = /0 fé(xl) d)(xl) d.]?l,

—b(z1)
we get (4.39) from (2.3), (4.25) and (4.31).
Therefore, ifrom (4.32), (4.34), (4.38) and (4.39) we obtain the following limit variational formulation

and

/0 {(Go(z1) + b(x1)) %(fvl)(b'(iﬁ)+p($1)uO($1)¢($1)}d$1Z/O f(z1) d(x1)dzy Yo € HY(0,1).

(4.40)
Since this problem is well posed, we obtain that the sequence {u¢}.~¢ is convergent and converges to the
unique solution ug of (4.40). Thus we conclude the proof of Theorem 2.1. O

5. COMB-LIKE THIN DOMAINS
We consider now, Type II thin domains as described in Section 2 and provide a proof of Theorem 2.5.

Proof. We will proceed as in the previous section to show this result. We will choose appropriate test
functions to pass to the limit in the variational formulation of problem (2.8) that we rewrite it here as: find
u¢ € H1(92°) such that

/ {aufai+ 1 duf &p}dxldxﬁ/ {auéaiJr 1 9uf &p}d:cldxz
Q-

Oz, 0z €2 Oxy Oxo 0z, 0z €2 Oxy Oxo

+/ updridry = fepdrydry, Yo € H(QF). (5.1)
€ Qé

Again, as in the previous case, taking ¢ = u¢ in expression (5.1) and using that || f¢[|z2(q) < C, we easily
obtain the apriori bounds

ous
e 5.2
b [ 37 Ly 29 25 L (52
In particular, we have
H— <eC—0ase—0.
81‘2 L2(Qe)
We extract a subsequence of {uf|q_} C HY(Q_), denoted again by u€, such that
ut —~uy w— HY Q)
u® —ug s—H°(Q_) for all s € [0,1) and (5.3)

ou*
8%2

—0 s—L*N.)

as € — 0 for some ug € H1(Q2_).
As in (4.21), it follows from (5.3) that ug(z1,22) does not depend on the variable x5 and belongs to
H'(0,1). Indeed, we can show that

(a). Limit of u¢ in L?(Q°).
First, we obtain the L2-convergence of u¢ to ug. More precisely, we show

llu® —uo|| 20y — 0 as e — 0. (5.4)
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For this, we assume without loss of generality that
Qi C {(.’171,332) S R? | 1 € (O, 1), 0<xo < b($1)}

and we define by ‘symmetrization’ the following function 4 in 2¢ by

e _f u(xy, —x2),  (x1,72) € QY
u (xlaxQ) - { U;E(xl,xQ), (xl,xQ) c Q_. (55)

Consequently, it follows from (5.3) that
||’lA1,6 — ’LLQ”Lz(Qe) — O as € — O,

and from (5.2), we have

ouc 1 0u¢

il e || 9% 1 5.6

I ||L2(Q ) Oz llL2(qe) an el Oxa llL2(0e) — (5.6)
Let us denote by w® = u® — 4 in Q€. It is easy to see that w® =0 in Q_ and w* satisfies
HU)EHHl(Qj_) = [u® - ﬁe||Hl(Qir) <G
ouwe ||? 1 || owe|? . (5.7)
H ) 1 \ e e
Tillr2s) € T2 llL2(09) +

Now let us show that [|w|[L2qe) — 0 as € — 0, that is, [|w|z2(as) — 0 as € — 0. Suppose this is not
true and assume that ||w6H%2(Qg ) = o > 0 at least for a subsequence € — 0. Then we have that
+

Hawe 2 L2 + [lwcI7
S |3 w 2(Q€
01 || f2(0e €2 || 0z2 || 12/qe L2@5)
(2%) L2(Q9) 2
J(we) = * . * <==C.
[|w ||%2(Q;) o

This implies that the first eigenvalue of the problem

0?v¢ 1 9%v¢ . e . e
Ton? @ony TV MR
: 1 v .
2; Ve :2—2; V5=0 on dQ\T (5:8)
1 2

v(x1,0) =0 onT

satisfies \c(Q9) < C, since J is the associated Raleigh quotient and I" C 0§ is a nonempty open subset.
But observe that Q¢ = Uﬁ;lQ; + where all f, , are disjoint and identical, except for translations. Then,
we can conclude A (2%) = Ac(Qy, ) for all n.
Performing in €25, | the change of variables that transforms it into the fixed domain Qo, that is, (z1,72) —
(z1/e* —nL,x3), we will have that A\c(€;, , ) is the first eigenvalue of the problem
1 0% 1 9%v¢ . c .
_6278712_67287224—” :)\61} IDQO
1 ove . 100 (5.9)
6270467%”1—’_67267@”2 =0 on aQO\FO
v(z1,0) =0 onTy
and therefore,

9%v°
6I12

821]6

2
0722 dl‘ldllfg

2
dxldCCg + e% fQO
fQo |v€|2 dr1dxs

= Jo,

Ae(€2) = min ;v € HY(Qo), v, =0 p < C.
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But this is impossible since Ac(Q2%) > %e1(Qo) for & > 1 and € € (0,1) where

2
fQo ( ) dl’ldl'g

Joo v dxydas
is the first eigenvalue of the Laplace operator in Q¢ with homogeneous Dirichlet boundary condition in I'g
and Neumann everywhere else. This eigenavalue is strictly positive by hypothesis (HQ). Thus we obtain
(5.4).

2
+

8%v°
Ox22

8%v°
Ox12

€1(Qo) = min NS Hl(Qo), v, =0

(b). Test functions.

The test functions we are going to construct to pass the limit in the variational formulation (5.1) are very
similar to the ones we constructed in Type I thin domains. Take ¢ € H'(0,1), ¢ > 0 and define the following
functions in H!(Q°):

X5 (1, 22), (w1,72) € Q5 NQYS, nzl,Q,...,NC:Lia

(21, _ 5.10
o1, 22) { P(z1), (z1,22) € Q0 (5.10)
where @5, is the rectangle
Qs = (nLe®, (n+ 1)Le*) x (0,G)
and the function X is the solution of the problem
9?X¢ 1 9%°X¢
_ . =0 in OF¢
o3 € 03 ;@
0X¢ 5.11
ON¢ =0, ondQ;\I';, ( )
X¢(z1,22) = &(x1), onTY
where I'S, is the base of the rectangle, that is,
I't, = (nLe®, (n + 1)Le®) N 0Qo.
As we showed in the previous section, we have using Lemma 3.1,
9% ¢ 2 1 Haz(ps 2 )
-7 = |7z <Ce ¢ (5.12)
H Ozt L2(Q5) e || 023 L2(0%) Fon
which implies that
62806 2 1 82906 2
WV26+H — <cC. (5.13)
pe) Ox? L2(95) e || 0a3 L2(Q5)
Moreover, we can show that
¢ — @l z2(s) — 0 as e — 0. (5.14)

We can argue as in (5.4). If it were not true, then there will exists a ¢g > 0 and a sequence (that we still
denote it by €) such that ¢ — @||12(qs) > co. But then, if we define w® = ¢ — ¢, we will have that

HW 2 L
- w 2(0)€
1|l p2qey € 1102 |2 (qe Bew e
() = (@) o0 laxay SO a
[Jw HL?(Qj_) €o

but with the same steps as we did in (a) this will contradict the fact that e;(Qo) > 0.

(c). Pass to the limit.
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Now we can pass to the limit in the variational formulation (5.1). First, we note that the convergences of

Ju dp° 1 Jus dp°
/ {87:187:1 + 2 05 00s }dxldxz =0 (5.15)

for ¢ — 0 follows from (5.12) and can be obtained as in (4.32).
Also, from (5.3) and since ¢¢ = ¢ in Q_, we easily get

ou® dpc 1 Ou® Oy*
A {871'1871'1 + - 62 6332 aﬂf }d.’lﬁld.’lﬁg — / wl)uo(acl) ¢ (1‘1) diEl as € — 0. (516)
Let us consider now the following technical result.

Lemma 5.1. We have

/ dry — q(xy) = @ +b(x1) w* — L*(0,1).
Se(x1)

Proof. If we denote by x the characteristic function of the measurable open set @, extended periodically
with respect to the first variable, we have by the Average Theorem that

G 0
/ dry = / x(x1 /€%, 22) daxs + / dxo
Se(zy) 0 —b(z1)

G L
N / (i/o X(s,:z:2)d8> ds +b(x1)  w” = L7(0,1)

= ‘Q0‘+b(x1) Vay € (0,1).

Moreover,

/ u o dridre = / (u® — up) ¢ dridasy Jr/ ug (¢ — @) dridas Jr/ ug ¢ dridxs.
€ € Qe

€

and the first two integrasl go to 0 since [|u® — u®||f2(qey — 0 and [[¢° — @[|2(ey — 0. The last integral
satisfies,

/EUO(fﬂl)éf’(ml)d%ldwz = /Oluo($1)¢($1) (/Sé(zl)d$2> dxy, — /01 q(@1)uo (1) ¢(21)day

where we have used Lemma 5.1.
Finally, we have

£ o deydiry = / e~ 6) dmrdrs + [ 7 $dwrdrs
QG QE QC

but the first integral goes to 0. Moreover, with the hypothesis of the theorem, we get for the second integral

1 1
o f€¢d$1d$2 :/0 (/Sé(wl) fe(l'l,xg) d$2> ¢($1)d$1 — /0 f($1)¢($1)d$1

Therefore, we obtain from the estimates above that

/0{b(xl)ué($1)¢’($1)+Q($1)u0($1)¢($1)}d$1Z/O f(xy) (a1) day Vo € H'(0,1). (5.17)

Since this problem has a unique solution, then we obtain that the sequence {u¢}.~¢ is convergent and

converges to the unique solution ug of (5.17).
(|
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